Word Problems and Confluence Problems for Restricted Semi-Thue Systems

Markus Lohrey

Universität Stuttgart, Institut für Informatik Breitwiesenstr. 20–22, 70565 Stuttgart, Germany e–mail: lohreyms@informatik.uni-stuttgart.de phone: +49-711-7816408 fax: +49-711-7816310

Abstract. We investigate word problems and confluence problems for the following four classes of terminating semi-Thue systems: lengthreducing systems, weight-reducing systems, length-lexicographic systems, and weight-lexicographic systems. For each of these four classes we determine the complexity of several variants of the word problem and confluence problem. Finally we show that the variable membership problem for quasi context-sensitive grammars is EXPSPACE-complete.

1 Introduction

The main purpose of semi-Thue systems is to solve word problems for finitely presented monoids. But since there exists a fixed semi-Thue system R such that the word problem for the monoid presented by the set of equations that corresponds to R (in the following we will briefly speak of the word problem for R) is undecidable [Mar47,Pos47], also semi-Thue systems cannot help for the effective solution of arbitrary word problems. This motivates the investigation of restricted classes of semi-Thue systems which give rise to decidable word problems. One of the most prominent class of semi-Thue systems with a decidable word problem is the class of all terminating and confluent semi-Thue systems. But if we want to have efficient algorithms for the solution of word problems also this class might be too large: It is known that for every n ≥ 3 there exists a terminating and confluent semi-Thue system R such that the (characteristic function of the) word problem for R is contained in the nth Grzegorczyk class but not in the (n − 1)th Grzegorczyk class [BO84]. Thus the complexity of the word problem for a terminating and confluent semi-Thue system can be extremely high. One way to reduce the complexity of the word problem is to force bounds on the length of derivation sequences. Such a bound can be forced by restricting to certain subclasses of terminating systems. For instance it is known that for a length-reducing and confluent semi-Thue system the word problem can be solved in linear time [Boo82]. On the other hand in [Loh99] it was shown that a uniform variant of the word problem for length-reducing and confluent semi-Thue systems (where the semi-Thue system is also part of the input) is P-complete.

In this paper we will continue the investigation of the word problem for restricted classes of terminating and confluent semi-Thue systems. We will study the following four classes of semi-Thue systems, see e.g. also [BO93], pp 41–42: length-reducing systems, weight-reducing systems, length-lexicographic systems, and weight-lexicographic systems. Let C be one of these four classes. We will study the following five decision problems for C: (i) the word problem for a fixed confluent R ∈ C, where the input consists of two words, (ii) the uniform word problem for a fixed alphabet Σ, where the input consists of a confluent semi- Thue system R ∈ C over the alphabet Σ and two words, (iii) the uniform word problem, where the input consists of a confluent R ∈ C and two words, (iv) the confluence problem for a fixed alphabet Σ, where the input consists of a semi- Thue system R ∈ C over the alphabet Σ, and finally (v) the confluence problem, where the input consists of an arbitrary R ∈ C. For each of the resulting 20 decision problems we will determine its complexity, see Table 1, p 11, and Table 2, p 13. Finally we consider a problem from [BL94], the variable membership problem for quasi context-sensitive grammars. This problem was shown to be in EXPSPACE but NEXPTIME-hard in [BL94]. In this paper we will prove that this problem is EXPSPACE-complete. We assume that the reader is familiar with the basic notions of complexity theory, in particular with the complexity classes P, PSPACE, EXPTIME, and EXPSPACE, see e.g. [Pap94].

2 Preliminaries

In the following let Σ be a finite alphabet. The empty word will be denoted by ϵ. A weight-function is a homomorphism f : Σ^∗ → N from the free monoid Σ^∗ with concatenation to the natural numbers with addition such that f(s) = 0 if and only if s = ϵ. The weight-function f with f(a) = 1 for all a ∈ Σ is called the length-function. In this case for a word s ∈ Σ^∗ we abbreviate f(s) by |s| and call it the length of s. Furthermore for every a ∈ Σ we denote by |s|_a the number of different occurrences of the symbol a in s. For a binary relation → on some set, we denote by^+→ (^∗→) the transitive (reflexive and transitive) closure of →.

In this paper, a deterministic Turing-machine is a tuple M = (Q, Σ, δ, q_0, q_f ), where Q is the finite set of states, Σ is the tape alphabet with Σ ∩ Q = ∅, δ : (Q\{q_f }) × Σ → Q × Σ × {−1, +1} is the transition function, where −1 (+1) means that the read-write head moves to the left (right), q_0 ∈ Q is the initial state, and q_f ∈ Q is the unique final state. The tape alphabet Σ always contains a blank symbol □. We assume that M has a one-sided infinite tape, whose cells can be identified with the natural numbers. Note that M cannot perform any transition out of the final state q_f . These assumptions do not restrict the computational power of Turing-machines and will always be assumed in this paper. An input for M is a word w ∈ (Σ\{□})^∗. A word of the form uqv, where u, v ∈ Σ^∗ and q ∈ Q, codes the configuration, where the machine is in state q, the cells 0 to |uv| − 1 contain the word uv, all cells k with k ≥ |uv| contain the blank symbol □, and the read-write head is scanning cell |u|. We write sqt ⇒_M upv if M can move in one step from the configuration sqt to the configuration upv, where q, p ∈ Q and st, uv ∈ Σ^∗. The language that is accepted by M is defined by L(M) = {w ∈ (Σ\{□})^∗ | ∃u, v ∈ Σ^∗ : q_0w^+⇒_M uq_f v}. Note that w ∈ L(M) if and only if M terminates on the input w. A deterministic linear bounded automaton is a deterministic Turing-machine that operates in space n + 1 on an input of length n.

A semi-Thue system R over Σ, briefly STS, is a finite set R ⊆ Σ^∗ × Σ^∗, whose elements are called rules. See [BO93] for a good introduction to the theory of semi-Thue systems. A rule (s, t) will also be written as s → t. The sets dom(R) of all left-hand sides and ran(R) of all right-hand sides are defined by dom(R) = {s | ∃t : (s, t) ∈ R} and ran(R) = {t | ∃s : (s, t) ∈ R}. We define the two binary relations →_R and ↔_R as follows, where x, y ∈ Σ^∗:

– x →_R y if there exist u, v ∈ Σ^∗ and (s, t) ∈ R with x = usv and y = utv. – x ↔_R y if (x →_R y or y →_R x).

The relation^∗↔_R is a congruence relation with respect to the concatenation of words, it is called the Thue-congruence associated with R. Hence we can define the quotient monoid Σ^∗/^∗↔_R, which is briefly denoted by Σ^∗/R. We say that R is terminating if there does not exist an infinite sequence of words s_i ∈ Σ^∗ (i ∈ N) with s_0 →_R s_1 →_R s_2 →_R · · · . The set of irreducible words with respect to R is IRR(R) = Σ^∗\{stu ∈ Σ^∗ | s, u ∈ Σ^∗, t ∈ dom(R)}. A word t is a normal form of s if s^∗→_R t ∈ IRR(R). We say that R is confluent if for all s, t, u ∈ Σ^∗ with s^∗→_R t and s^∗→_R u there exists w ∈ Σ^∗ with t^∗→_R w and u^∗→_R w. We say that R is locally confluent if for all s, t, u ∈ Σ^∗ with s →_R t and s →_R u there exists w ∈ Σ^∗ with t^∗→_R w and u^∗→_R w. If R is terminating then by Newman’s lemma [New43] R is confluent if and only if R is locally confluent.

Two decision problems that are of fundamental importance in the theory of semi-Thue systems are the (uniform) word problem and the confluence problem. Let C be a class of STSs. The uniform word problem, briefly UWP, for the class C is the following decision problem:

INPUT: An STS R ∈ C (over some alphabet Σ) and two words u, v ∈ Σ^∗. QUESTION: Does u^∗↔_R v hold?

The confluence problem, briefly CP, for the class C is the following decision problem:

INPUT: An STS R ∈ C. QUESTION: Is R confluent?

The UWP for a singleton class {R} is called the word problem, briefly WP, for the STS R.

For the class of all terminating STSs the CP is known to be decidable [NB72]. This classical result is based on the so called critical pairs of an STS, which result from overlapping left-hand sides. A pair (s_1, s_2) ∈ Σ^∗ × Σ^∗ is a critical pair of R if there exist rules (t_1, u_1), (t_2, u_2) ∈ R such that one of the following two cases holds:

– t_1 = vt_2w, s_1 = u_1, and s_2 = vu_2w for some v, w ∈ Σ^∗ (here the word t_1 = vt_2w is an overlapping of t_1 and t_2).

– t_1 = vt, t_2 = tw, s_1 = u_1w, and s_2 = vu_2 for some t, v, w ∈ Σ^∗ with t ≠ ϵ (here the word vtw is an overlapping of t_1 and t_2).

Note that there are only finitely many critical pairs of R. In order to check whether a terminating STS R is confluent it suffices to calculate for every critical pair (s, t) of R arbitrary normal forms of s and t. If for some critical pair these normal forms are not identical then R is not confluent, otherwise R is confluent.

Similarly for the class of all terminating and confluent STSs the UWP is decidable [KB67]: In order to check whether s^∗↔_R t holds for given words s, t ∈ Σ^∗ we compute arbitrary normal forms of s and t. Then s^∗↔_R t if and only if these normal forms are the same.

In this paper we consider the following classes of terminating systems. An STS R is length-reducing if |s| > |t| for all (s, t) ∈ R. An STS R is weight-reducing if there exists a weight-function f such that f(s) > f(t) for all (s, t) ∈ R. An STS R is length-lexicographic if there exists a linear order ≻ on the alphabet Σ such that for all (s, t) ∈ R it holds |s| > |t| or (|s| = |t| and there exist u, v, w ∈ Σ^∗ and a, b ∈ Σ with s = uav, t = ubw, and a ≻ b). An STS R is weight-lexicographic if there exist a linear order ≻ on the alphabet Σ and a weight-function f such that for all (s, t) ∈ R it holds f(s) > f(t) or (f(s) = f(t) and there exist u, v, w ∈ Σ^∗ and a, b ∈ Σ with s = uav, t = ubw, and a ≻ b).

For all these classes, restricted to confluent STSs, the UWP is decidable. Since we want to determine the complexity of the UWP for these classes, we have to define the length of an STS. For an STS R it is natural to define its length ||R|| by ||R|| = ∑ (s,t)∈R |st|. 3 Length-reducing semi-Thue systems

In [Loh99] it was shown that the UWP for the class of all length-reducing and confluent STSs over {a, b} is P-complete. In this section we prove that for a fixed STS the complexity decreases to LOGCFL. Recall that LOGCFL is the class of all problems that are log space reducible to the membership problem for a context-free language [Sud78]. It is strongly conjectured that LOGCFL is a proper subset of P.

Theorem 1. Let R be a fixed length-reducing and confluent STS. Then the WP for R is in LOGCFL.

Proof. Let R be a fixed length-reducing STS over Σ and let s ∈ Σ^∗. From the results of [DW86]^1 it follows immediately that the following problem is in LOGCFL:

INPUT: A word t ∈ Σ^∗.

QUESTION: Does t^∗→_R s hold?

1 The main result of [DW86] is that the membership problem for a fixed growing context-sensitive grammar is in LOGCFL. Note that the uniform variant of this problem is NP-complete [KN87,CH90,BL92].

Now let R be a fixed length-reducing and confluent STS over Σ and let u, v ∈ Σ^∗. Let Σ = {a | a ∈ Σ} be a disjoint copy of Σ. For a word s ∈ Σ^∗ define the word s^{rev} ∈ Σ^∗ inductively by ϵ^{rev} = ϵ and at^{rev} = t^{rev}a for a ∈ Σ and t ∈ Σ^∗. Define the length-reducing STS P by P = R ∪ {s^{rev} → t^{rev} | (s, t) ∈ R} ∪ {aa → ϵ | a ∈ Σ}. Since R is confluent, it holds u^∗↔_R v if and only if uv^{rev ∗}→_P ϵ. The later property can be checked in LOGCFL. Clearly uv^{rev} can be constructed in log space from u and v. ⊓⊔

4 Weight-reducing semi-Thue systems

Weight-reducing STSs were investigated for instance in [Die87,Jan88,NO88] and [BL92] as a grammatical formalism. The WP for a fixed weight-reducing and confluent STS can be easily reduced to the WP for a fixed length-reducing and confluent STS. Thus the WP for every fixed weight-reducing and confluent STS can also be solved in LOGCFL:

Theorem 2. Let R be a fixed weight-reducing and confluent STS. Then the WP for R is in LOGCFL.

Proof. Let R be a weight-reducing and confluent STS over Σ and let u, v ∈ Σ^∗. Let f be a weight-function such that f(s) > f(t) for all (s, t) ∈ R. Let $ ∉ Σ and define the morphism φ : Σ^∗ → (Σ ∪ {$})^∗ by φ(a) = $^{f (a)}a^{f (a)} for all a ∈ Σ. Note that non-trivial overlappings between two words φ(a) and φ(b) are not possible. It follows that the STS φ(R) = {φ(s) → φ(t) | (s, t) ∈ R} is lengthreducing and confluent, and we see that u^∗↔_R v if and only if φ(u)^∗↔_{φ(R)} φ(v). Since φ(u) and φ(v) can be constructed in log space, the theorem follows from Theorem 1. ⊓⊔

Next we will consider the UWP for weight-reducing and confluent STSs over a fixed alphabet Σ. In order to get an upper bound for this problem we need the following lemma, which we state in a slightly more general form for later applications.

Lemma 1. Let Σ be a finite alphabet with |Σ| = n and let R be an STS over Σ with α = max{|s|_a | s ∈ dom(R) ∪ ran(R), a ∈ Σ}. Let g be a weight-function with g(s) ≥ g(t) for all (s, t) ∈ R. Then there exists a weight-function f such that for all (s, t) ∈ R the following holds:

– If g(s) > g(t) then f(s) > f(t), and if g(s) = g(t) then f(s) = f(t). – f(a) ≤ (n + 1)(αn)^n for all a ∈ Σ.

Proof. We use the following result about solutions of integer (in)equalities from [vZGS78]: Let A, B, C, D be (m × n)-, (m × 1)-, (p × n)-, (p × 1)-matrices, respectively, with integer entries. Let r = rank(A), s = rank ( A C ) . Let M be

an upper bound on the absolute values of all (s − 1) × (s − 1)- or (s × s)-

subdeterminants of the (m + p) × (n + 1)-matrix ( A B C D ) , which are formed with

at least r rows from the matrix (A B). Then the system Ax = B, Cx ≥ D has an integer solution if and only if it has an integer solution x such that the absolute value of every entry of x is bounded by (n + 1)M.

Now let Σ, n, R, α, and g be as specified in the lemma. Let Σ = {a_1, . . . , a_n} and R = {(s_i, t_i) | 1 ≤ i ≤ k} ∪ {(u_i, v_i) | 1 ≤ i ≤ ℓ}, where g(s_i) = g(t_i) for 1 ≤ i ≤ k and g(u_i) > g(v_i) for 1 ≤ i ≤ ℓ. Define the (k × n)-matrix A by A_{i,j} = |s_i|_{aj} − |t_i|_{aj} and define the (ℓ × n)-matrix C^′ by C^′_{i,j} = |u_i|_{aj} − |v_i|_{aj} .

Let C = ( C^′ Id_n ) , where Id_n is the (n × n)-identity matrix. Finally let (j)_i be the

i-dimensional column vector with all entries equal to j. Then the n-dimensional column vector x with x_j = g(a_j ) is a solution of the following system:

Ax = (0)_k Cx ≥ (1)_{ℓ+n} (1)

Note that r = rank(A) ≤ n and s = rank ( A C ) ≤ n. Furthermore every entry of

the matrix E = ( A (0)_k C (1)_{ℓ+n} ) is bounded by α. Thus the absolute value of every

(s − 1) × (s − 1)- or (s × s)-subdeterminant of E is bounded by s! · α^s ≤ (αn)^n. By the result of [vZGS78] the system (1) has a solution y with y_j ≤ (n+1)(αn)^n for all 1 ≤ j ≤ n. If we define the weight-function f by f(a_j ) = y_j then f has the properties stated in the lemma. ⊓⊔

Theorem 3. Let Σ be a fixed alphabet with |Σ| ≥ 2. Then the UWP for the class of all weight-reducing and confluent STSs over Σ is P-complete.

Proof. Let |Σ| = n ≥ 2. Let R be a weight-reducing and confluent STS over Σ and let u, v ∈ Σ^∗. By Lemma 1 there exists a weight-function f such that f(s) > f(t) for all (s, t) ∈ R and f(a) ≤ (n + 1)(αn)^n for all a ∈ Σ. Thus every derivation that starts from the word u has a length bounded by |u|·(n+1)·(αn)^n, which is polynomial in the input length ||R|| + |uv|. Thus a normal form of u can be calculated in polynomial time and similarly for v. This proves the upper bound. P-hardness follows from the fact that the UWP for the class of all lengthreducing and confluent STSs over {a, b} is P-complete [Loh99]. ⊓⊔

Finally for the class of all weight-reducing and confluent STSs the complexity of the UWP increases to EXPTIME:

Theorem 4. The UWP for the class of all weight-reducing and confluent STSs is EXPTIME-complete.

Proof. The EXPTIME-upper bound can be shown by using the arguments from the previous proof. Just note that this time the upper bound of (n + 1)(αn)^n for a weight-function is exponential in the length of the input. For the lower bound let M = (Q, Σ, δ, q_0, q_f ) be a deterministic Turing-machine such that for some polynomial p it holds: If w ∈ L(M) then M, started on w, reaches the final state q_f after at most 2^{p(|w|)} many steps. Let w ∈ (Σ\{□})^∗ be an arbitrary input for M. Let m = p(|w|) and let Γ = Q ∪ Σ ∪ m⋃ i=0 (Σ_i ∪ {▷_i, 2^{(i)}, A_i, B_i}) ∪ {#, ▷}.

Here 2^{(i)} is a single symbol and Σ_i = {a_i | a ∈ Σ} is a disjoint copy of Σ for 0 ≤ i ≤ m. Let Σ_▷ = Σ ∪ {▷} and let R be the STS over Γ that consists of the following rules:

(1) 2^{(i)}ab → a_m2^{(i−1)} · · · 2^{(1)}2^{(0)}b for 0 ≤ i ≤ m, a ∈ Σ_▷, b ∈ Σ (2) 2^{(i)}a_k → a_{k−1}2^{(i)} for 0 ≤ i ≤ m, 1 ≤ k ≤ m, a ∈ Σ_▷ (3) #a_k → a# for 0 ≤ k ≤ m, a ∈ Σ_▷ (4) #x → x for x ∈ Σ ∪ Q\{q_f } (5) 2^{(i)}q → q for q ∈ Q\{q_f } (6) 2^{(i)}cqa → cbp for 0 ≤ i ≤ m, c ∈ Σ_▷, δ(q, a) = (p, b, +1) (7) 2^{(i)}cqa → pcb for 0 ≤ i ≤ m, c ∈ Σ_▷, δ(q, a) = (p, b, −1) (8) A_i → A_{i+1}A_{i+1} for 0 ≤ i < m (9) B_i → B_{i+1}B_{i+1} for 0 ≤ i < m (10) A_m → #2^{(m)} (11) B_m → □ (12) xq_f → q_f for x ∈ Γ (13) q_f x → q_f for x ∈ Γ

We claim that R is weight-reducing. For this we define the weight-function f as follows:^2

f(A_i) = 2 · f(A_{i+1}) + 1 for 0 ≤ i < m f(A_m) = 2^m + 2 f(B_i) = 2 · f(B_{i+1}) + 1 for 0 ≤ i < m f(B_m) = 2

f(x) = 1 for x ∈ Q ∪ Σ_▷ ∪ {#} f(2^{(i)}) = 2^i for 0 ≤ i ≤ m

f(a_i) = 1 + i + 1 m + 2 for 0 ≤ i ≤ m, a ∈ Σ_▷ Then it is easy to check that f(s) > f(t) for all (s, t) ∈ R. All non-trivial critical pairs of R are of the form (sq_f , tq_f ) (where (sx, t) ∈ R, x ∈ Σ), (q_f s, q_f t) (where (xs, t) ∈ R, x ∈ Σ), or (xq_f , q_f y) (where x, y ∈ Σ). By the rules in (12) and (13) both components of these critical pairs can be reduced to q_f . Thus R is confluent. Finally we claim that A_0 ▷ q_0wB_0^∗↔_R q_f if and only if w ∈ L(M).

Before we prove this claim let us first explain the effect of the rules from R. For 0 ≤ i ≤ 2^m let sum(i) = 2^{(i1 )} · · · 2^{(ik )} ∈ Γ^∗ if i_1 > · · · > i_k and i = 2^{i1} + · · · + 2^{ik} (note that sum(0) = ϵ). Let us call a word of the form

2 Here we use rational weights, but of course they can be replaced by integer weights.

#sum(i) ∈ Γ^∗ a counter with value i. The effect of the rules in (1), (2), and (3) is to move counters to the right in words from ▷Σ^∗. Here the symbol ▷ is a left-end marker. If a whole counter moves one step to the right, its value is decreased by one. More generally for all u ∈ Σ^∗, b ∈ Σ, and all |u| < i ≤ 2^m we have #sum(i)▷ub^∗→_R ▷u#sum(i−|u|−1)b. If a counter has reached the value 0, i.e, it consists only of the symbol # then the counter is deleted with a rule in (4). Also if a counter collides with a state symbol from Q at its right end, then the counter is deleted with the rules in (4) and (5). Note that such a collision may occur after an application of a rule in (7). The rules in (6) and (7) simulate the machine M. In order to be weight-reducing, these rules consume the right-most symbol of the right-most counter. The rules in (8) and (10) produce 2^m many counters of the form #2^{(m)}. Each of these counters can move at most 2^m cells to the right. But since M terminates after at most 2^m many steps, the distance between the left end of the tape and the read-write head is also at most 2^m. This implies that with each of the 2^m many counters that are produced from A_0, at least one step of M can be simulated. The rules in (9) and (11) produce 2^m many blank symbols, which is enough in order to simulate 2^m many steps of M. Finally the rules in (12) and (13) make the final state q_f absorbing.

Now if w ∈ L(M) then A_0▷q_0wB_0^∗→_R (#2^{(m)})^{2m} ▷q_0w□^{2m ∗}→_R uq_f v^∗→_R q_f for some u, v ∈ Γ^∗. On the other hand if w ∉ L(M) then M does not terminate on w. By simulating M long enough, and thereby consuming all 2^m many initial counters, we obtain A_0 ▷ q_0wB_0^∗→_R (#2^{(m)})^{2m} ▷ q_0w□^{2m ∗}→_R ▷uqv ∈ IRR(R) for some q ∈ Q\{q_f }, u, v ∈ Σ^∗. Since also q_f ∈ IRR(R) and R is confluent, A_0 ▷ q_0wB_0^∗↔_R q_f cannot hold. ⊓⊔

Since P is a proper subclass of EXPTIME, it follows from Theorem 3 and Theorem 4 that in general it is not possible to encode the alphabet of a weightreducing and confluent STS into a fixed alphabet with a polynomial blow-up such that the resulting STS is still weight-reducing and confluent. For lengthreducing systems this is always possible, see [Loh99] and the coding function from the proof of Theorem 5.

5 Length-lexicographic semi-Thue systems

In this section we consider length-lexicographic semi-Thue systems, see for instance [KN85]. The complexity bounds that we will achieve in this section are the same that are known for preperfect systems. An STS R is preperfect if for all s, t ∈ Σ^∗ it holds s^∗↔_R t if and only if there exists u ∈ Σ^∗ with s^∗→_R u and t^∗→_R u, where the relation →_R is defined by v →_R w if v ↔_R w and |v| ≥ |w|. Since every length-preserving STS is preperfect and every linear bounded automaton can easily be simulated by a length-preserving STS, there exists a fixed preperfect STS R such that the WP for R is PSPACE-complete [BJM^+81]. The following theorem may be seen as a stronger version of this well-known fact in the sense that a deterministic linear bounded automaton can even be simulated by a length-lexicographic, length-preserving, and confluent STS.

Theorem 5. The WP for a length-lexicographic and confluent STS is contained in PSPACE. Furthermore there exists a fixed length-lexicographic and confluent STS R over {a, b} such that the WP for R is PSPACE-complete.

Proof. The first statement of the theorem is obvious. For the second statement let M = (Q, Σ, δ, q_0, q_f ) be a deterministic linear bounded automaton such that the question whether w ∈ L(M) is PSPACE-complete. Such a linear bounded automaton exists, see e.g. [BO84]. We may assume that M operates in phases, where a single phase consists of a sequence of 2 · n transitions of the form q_1w_1^∗⇒_M w_2q_2^∗⇒_M q_3w_3, where w_1, w_2, w_3 ∈ Σ^∗ and q_1, q_2, q_3 ∈ Q. During the sequence q_1w_1^∗⇒_M w_2q_2 only right-moves are made, and during the sequence w_2q_2^∗⇒_M q_3w_3 only left-moves are made. A similar trick is used for instance also in [CH90]. Let c > 0 be constant such that if w ∈ L(M) then M, started on w, reaches the final state q_f after at most 2^{c·n} phases. Let w ∈ (Σ\{□})^∗ be an input for M with |w| = n. As usual let Σ be a disjoint copy of Σ and similarly for Q. Let Γ = Q ∪ Q ∪ Σ ∪ Σ ∪ {◁, 0, 1, 1} and let R be the STS over Γ that consists of the following rules:^3

0q → q1 for all q ∈ Q 1q → 0q for all q ∈ Q q1 → 1q for all q ∈ Q qa → bp if δ(q, a) = (p, b, +1) q◁ → q◁ for all q ∈ Q\{q_f } a q → pb if δ(q, a) = (p, b, −1) xq_f → q_f for all x ∈ Γ q_f x → q_f for all x ∈ Γ

First we claim that R is length-lexicographic. For this choose a linear order ≻ on the alphabet Γ that satisfies Q ≻ 1 ≻ 0 ≻ Σ ≻ Q (here for instance Q ≻ 1 means that q ≻ 1 for every q ∈ Q). Furthermore R is confluent. Finally we claim that 10^{c·n}q_0w◁^∗↔_R q_f if and only if w ∈ L(M). For v = b_k · · · b_0 ∈ {0, 1}^∗ (b_i ∈ {0, 1}) let val(v) = ∑_k i=0 b_i ·2^i. Note that for every q ∈ Q and s, t ∈ {0, 1}^+ with s ≠ 0^{|s|} it holds sq^∗→_R tq if and only if |s| = |t| and val(t) = val(s)−1. First assume that w ∈ L(M). Then 10^{c·n}q_0w◁^∗→_R vq_f u◁^∗→_R q_f for some u ∈ Σ^∗ and v ∈ {0, 1}^+. Now assume that w ∉ L(M). Then M does not terminate on w and we obtain 10^{c·n}q_0w◁^∗→_R 0^{c·n+1}qu◁^∗→_R q1^{c·n+1}u◁ ∈ IRR(R), where u ∈ Σ^∗ and q ∈ Q\{q_f }. Since also q_f ∈ IRR(R) and R is confluent, 10^{c·n}q_0w◁^∗↔_R q_f cannot hold.

Finally, we have to encode the alphabet Γ into the alphabet {a, b}. For this let Γ = {a_1, . . . , a_k} and let a_1 ≻ a_2 ≻ · · · ≻ a_k be the chosen linear order on Γ . Define a morphism φ : Γ^∗ −→ {a, b}^∗ by φ(a_i) = ab^iab^{2k+1−i} and let a ≻ b. Then the STS φ(R) is also length-lexicographic and confluent and for all u, v ∈ Γ^∗ it holds u^∗↔_R v if and only if φ(u)^∗↔_{φ(R)} φ(v), see [BO93], p 60. ⊓⊔

3 It will be always clear from the context whether e.g. 1 denotes the symbol 1 ∈ Γ or the natural number 1.

6 Weight-lexicographic semi-Thue systems

The widest class of STSs that we study in this paper are weight-lexicographic STSs. Let R be a weight-lexicographic STS over an alphabet Σ with |Σ| = n and let u ∈ Σ^∗. Thus there exists a weight-function f with f(s) ≥ f(t) for all (s, t) ∈ R. If u = u_0 →_R u_1 →_R · · · →_R u_n is some derivation then for all 0 ≤ i ≤ n it holds |u_i| ≤ f(u_i) ≤ f(u). By Lemma 1 we may assume that f(a) ≤ (n + 1)(αn)^n for all a ∈ Σ and thus |u_i| ≤ |u| · (n + 1)(αn)^n. Together with Theorem 5 it follows that the UWP for weight-lexicographic and confluent STSs over a fixed alphabet is PSPACE-complete and furthermore that there exists a fixed weight-lexicographic and confluent STS whose WP is PSPACEcomplete. For arbitrary weight-lexicographic and confluent STSs we have the following result.

Theorem 6. The UWP for the class of all weight-lexicographic and confluent STSs is EXPSPACE-complete.

Proof. The EXPSPACE-upper bound can be shown by using the arguments above. For the lower bound let M = (Q, Σ, δ, q_0, q_f ) be a deterministic Turingmachine which uses for every input w at most space 2^{p(|w|)}, where p is some polynomial. Similarly to the proof of Theorem 5 we may assume that M operates in phases. There exists a polynomial q such that if w ∈ L(M) then M, started on w, reaches q_f after at most 2^{2q(|w|)} many phases. Let w ∈ (Σ\{□})^∗ be an arbitrary input for M. Let m = p(|w|), n = q(|w|), and Γ = Q ∪ Q ∪ Σ ∪ Σ ∪ {◁, 0, 1, 1} ∪ {A_i | 0 ≤ i ≤ n} ∪ {B_i | 0 ≤ i ≤ m}. Let R be the STS over Γ that consists of the following rules:

0q → q1 for all q ∈ Q 1q → 0q for all q ∈ Q q1 → 1q for all q ∈ Q qa → bp if δ(q, a) = (p, b, +1) q◁ → q◁ for all q ∈ Q\{q_f } a q → pb if δ(q, a) = (p, b, −1) A_i → A_{i+1}A_{i+1} for 0 ≤ i < n B_i → B_{i+1}B_{i+1} for 0 ≤ i < m A_n → 0 B_m → □ xq_f → q_f for all x ∈ Γ q_f x → q_f for all x ∈ Γ

Note that the first six rules are exactly the same rules that we used for the simulation of a linear bounded automaton in the proof of Theorem 5. We claim that R is weight-lexicographic. For this define the weight-function f by f(x) = 1 for all x ∈ Q ∪ Q ∪ Σ ∪ Σ ∪ {◁, 0, 1, 1, A_n, B_m} and f(A_i) = 2 · f(A_{i+1}), f(B_j ) = 2 · f(B_{j+1}) for 0 ≤ i < n, 0 ≤ j < m. Then the last two rules are weight-reducing and all other rules are weight-preserving. Now choose a linear order ≻ on Γ that satisfies Q ≻ 1 ≻ 0 ≻ Σ ≻ Q, A_0 ≻ A_1 ≻ · · · ≻ A_n ≻ 0, and B_0 ≻ B_1 ≻ · · · ≻ B_m ≻ □. It is easy to see that R is confluent. Finally we have w ∈ L(M) if and only if 1A_0q_0wB_0◁^∗↔_R q_f . This can be shown by using the arguments from the proof of Theorem 5. Just note that this time from the word 1A_0 we can generate the word 10^{2n} which allows the simulation of 2^{2n} many phases. Analogously to the proof of Theorem 4 the symbol B_0 generates enough blank symbols in order to satisfy the space requirements of M. ⊓⊔

7 Confluence problems

The CP for the class of all STSs is undecidable [BO84]. On the other hand, the CP for the class of all terminating STSs is decidable [NB72]. For length-reducing STSs the CP is in P [BO81], the best known algorithm is the O(||R||^3)-algorithm from [KKMN85]. Furthermore in [Loh99] it was shown that the CP for the class of all length-reducing STSs is P-complete. This was shown by using the following log space reduction from the UWP for length-reducing and confluent STSs to the CP for length-reducing STSs, see also [VRL98], Theorem 24: Let R be a lengthreducing and confluent STS over Σ. Furthermore let A and B be new symbols. Then for all s, t ∈ Σ^∗ the length-reducing STS R ∪ {A^{|st|}B → s, A^{|st|}B → t} is confluent if and only if s^∗↔_R t holds. Finally the alphabet Σ ∪ {A, B} can be reduced to the alphabet {a, b} by using the coding function from the end of the proof of Theorem 5. The same reduction can be also used for weight-reducing, length-lexicographic, and weight-lexicographic STSs. Thus a lower bound for the UWP for one of the classes considered in the preceding sections carrys over to the CP for this class. Furthermore also the given upper bounds hold for the CP for the corresponding class: Our upper bound algorithms for UWPs are all based on the calculation of normal forms. But since every STS has only polynomially many critical pairs, any upper bound for the calculation of normal forms also gives an upper bound for the CP. The resulting complexity results are summarized in Table 1.

Table 1. Complexity results for confluence problems

length-reducing STSs weight-reducing STSs lengthlexicographic STSs weightlexicographic STSs

CP for a fixed alphabet

P-complete P-complete

PSPACEcomplete

PSPACEcomplete

CP P-complete

EXPTIMEcomplete

PSPACEcomplete

EXPSPACEcomplete

8 Quasi context-sensitive grammars

A quasi context-sensitive grammar, briefly QCSG, is a (type-0) grammar G = (N, T, S, P ) (here N is the set of non-terminals, T is the set of terminals, S ∈ N is the start non-terminal, and P ⊆ (N ∪ T )^∗N(N ∪ T )^∗ × (N ∪ T )^∗ is a finite set of productions) such that for some weight-function f : (N ∪ T )^∗ → N we have f(u) ≤ f(v) for all (u, v) ∈ P , see [BL94]. The variable membership problem for QCSGs it the following problem:

INPUT: A QCSG G with terminal alphabet T and a terminal word v ∈ T^∗. QUESTION: Does v ∈ L(G) hold?

In [BL94] it was shown that this problem is in EXPSPACE and furthermore that it is NEXPTIME-hard. Using some ideas from Section 4 we can prove that this problem is in fact EXPSPACE-hard.

Theorem 7. The variable membership problem for QCSGs is EXPSPACE-com-plete.

Proof. It remains to show that the problem is EXPSPACE-hard. For this let M = (Q, Σ, δ, q_0, q_f ) be a Turing-machine, which uses for every input w at most space 2^{p(|w|)} −2 for some polynomial p. Let w ∈ (Σ\{□})^∗ be an input for M and let m = p(|w|). We will construct a QCSG G = (N, T, S, P ) and a word v ∈ T^∗ such that w ∈ L(M) if and only if v ∈ L(G). The non-terminal and terminal alphabet of G are N = {S, B} ∪ {A_i | 0 ≤ i < m} ∪ Q ∪ Σ and T = {A_m}. The set P consists of the following productions: S → q_0wB B → □B qa → bp if δ(q, a) = (p, b, +1) cqa → pcb if δ(q, a) = (p, b, −1), c ∈ Σ q_f → A_0 xA_0 → A_0A_0 for x ∈ Σ A_0x → A_0A_0 for x ∈ Σ ∪ {B} A_iA_i → A_{i+1} for 0 ≤ i < m

In order to show that G is quasi context-sensitive we define the weight-function f : (N ∪ T )^∗ → N by f(x) = 1 for all x ∈ {S, B} ∪ Σ ∪ Q and f(A_i) = 2^i for all 0 ≤ i ≤ m. Then f(s) ≤ f(t) for all (s, t) ∈ P . If w ∈ L(M) then A_m ∈ L(G) by the following derivation:

S → q_0wB^∗→_P q_0w□^{2m −|w|−2}B^∗→_P sq_f tB →_P sA_0tB^∗→_P A^{2m}_0^∗→_P A_m,

where s, t ∈ Σ^∗ and |st| = 2^m − 2. On the other hand, if A_m ∈ L(G) then a sentential form uq_f v with uv ∈ Γ^∗ and |uv| = 2^m − 1 must be reachable from S, i.e, reachable from q_0wB. This is only possible if w ∈ L(M). Furthermore G and v can be calculated from M and w in log space. This concludes the proof. ⊓⊔

Note that from the previous proof it follows immediately that the following problem is also EXPSPACE-complete:

INPUT: A context-sensitive grammar G with terminal alphabet {a} and a number n ∈ N coded in binary.

QUESTION: Does a^n ∈ L(G) hold?

The same problem for context-free grammars is NP-complete [Huy84].

9 Summary and open problems

The complexity results for WPs are summarized in Table 2. Here the statement in the first row that e.g. the WP for length-lexicographic and confluent STSs is PSPACE-complete means that for every length-lexicographic and confluent STS the WP is in PSPACE and furthermore there exists a fixed length-lexicographic and confluent STS whose WP is PSPACE-complete. Furthermore the completeness results in the second row already hold for the alphabet {a, b}.

Table 2. Complexity results for word problems

length-reducing

& confluent

STSs weight-reducing & confluent STSs lengthlexicographic & confluent STSs weightlexicographic & confluent STSs

WP LOGCFL LOGCFL

PSPACEcomplete

PSPACEcomplete

UWP for a fixed alphabet

P-complete P-complete

PSPACEcomplete

PSPACEcomplete

UWP P-complete

EXPTIMEcomplete

PSPACEcomplete

EXPSPACEcomplete

One open question that remains concerns the WP for a fixed length-reducing (weight-reducing) and confluent STS. Does there exist such a system whose WP is LOGCFL-complete or are these WPs always contained for instance in the subclass LOGDCFL, the class of all languages that are log space reducible to a deterministic context-free language? Since there exits a fixed deterministic contextfree language whose membership problem is LOGDCFL-complete [Sud78], Theorem 2.2 of [MNO88] implies that there exists a fixed length-reducing and confluent STS whose WP is LOGDCFL-hard.

Another interesting open problem is the descriptive power of the STSs considered in this paper. Let M_{ℓr} (M_{wr}, M_{ℓℓ}, M_{wℓ}) be the class of all monoids (modulo isomorphism) of the form Σ^∗/R, where R is a length-reducing (weightreducing, length-lexicographic, weight-lexicographic) and confluent STS over Σ. In [Die87] it was shown that the monoid {a, b, c}^∗/{ab → c^2} is not contained in M_{ℓr}. Since the STS {ab → c^2} is of course confluent, weight-reducing, and length-lexicographic, it follows that M_{ℓr} is strictly contained in M_{wr} and M_{ℓℓ}. Furthermore the monoid {a, b}^∗/{ab → ba} is contained in M_{ℓℓ}\M_{wr} [Die90], p

90. If there exists a monoid in M_{wr}\M_{ℓℓ} then M_{wr} and M_{ℓℓ} are incomparable and both are proper subclasses of M_{wℓ}. But we do not know whether this holds.

Finally, another interesting class of rewriting systems, for which (uniform) word problems and confluence problems were studied, is the class of commutative semi-Thue systems, see for instance [Car75,Huy85,Huy86,Loh99,MM82,VRL98] for several decidability and complexity results. But there are still many interesting open questions, see for instance the remarks in [Huy85,Huy86,Loh99].

Acknowledgments I would like to thank Gerhard Buntrock, Volker Diekert, and Yuji Kobayashi for valuable comments.

References

[BJM^+81] R. Book, M. Jantzen, B. Monien, C. P. O’Dunlaing, and C. Wrathall. On the complexity of word problems in certain Thue systems. In J. Gruska and M. Chytil, editors, Proceedings of the 10rd Mathematical Foundations of Computer Science (MFCS’81), S̆trbské Pleso (Czechoslovakia), number 118 in Lecture Notes in Computer Science, pages 216–223. Springer, 1981.

[BL92] G. Buntrock and K. Loryś. On growing context-sensitive languages. In W. Kuich, editor, Proceedings of the19th International Colloquium on Automata, Languages and Programming (ICALP 92), Vienna (Austria), number 623 in Lecture Notes in Computer Science, pages 77–88. Springer, 1992.

[BL94] G. Buntrock and K. Loryś. The variable membership problem: Succinctness versus complexity. In P. Enjalbert, E. W. Mayr, and K. W. Wagner, editors, Proceedings of the11th Annual Symposium on Theoretical Aspects of Computer Science (STACS 94), Caen (France), number 775 in Lecture Notes in Computer Science, pages 595–606. Springer, 1994.

[BO81] R.V. Book and C. P. O’Dunlaing. Testing for the Church–Rosser property (note). Theoretical Computer Science, 16:223–229, 1981.

[BO84] G. Bauer and F. Otto. Finite complete rewriting systems and the complexity of the word problem. Acta Informatica, 21:521–540, 1984.

[BO93] R.V. Book and F. Otto. String–Rewriting Systems. Springer, 1993. [Boo82] R.V. Book. Confluent and other types of Thue systems. Journal of the Association for Computing Machinery, 29(1):171–182, 1982.

[Car75] E. W. Cardoza. Computational complexity of the word problem for commutative semigroups. Technical Report MAC Technical Memorandum 67, MIT, 1975.

[CH90] S. Cho and D. T. Huynh. The complexity of membership for deterministic growing context-sensitive grammars. International Journal of Computer Mathematics, 37:185–188, 1990.

[Die87] V. Diekert. Some properties of weight-reducing presentations. Report TUM-I8710, Technical University Munich, 1987.

[Die90] V. Diekert. Combinatorics on Traces. Number 454 in Lecture Notes in Computer Science. Springer, 1990.

[DW86] E. Dahlhaus and M. K. Warmuth. Membership for growing contextsensitive grammars is polynomial. Journal of Computer and System Sciences, 33:456–472, 1986.

[Huy84] D. T. Huynh. Deciding the inequivalence of context-free grammars with 1-letter terminal alphabet is Σ^p_2 -complete. Theoretical Computer Science, 33:305–326, 1984.

[Huy85] D. T. Huynh. Complexity of the word problem for commutative semigroups of fixed dimension. Acta Informatica, 22:421–432, 1985.

[Huy86] D. T. Huynh. The complexity of the membership problem for two subclasses of polynomial ideals. SIAM Journal on Computing, 15(2):581–594, 1986.

[Jan88] M. Jantzen. Confluent string rewriting. In EATCS Monographs on theoretical computer science, volume 14. Springer, 1988.

[KB67] D. E. Knuth and P. B. Bendix. Simple Word Problems in Universal Algebras. In J. Leech, editor, Computational Problems in Abstact Algebras, pages 263–297. Pergamon Press, Elmsford N.Y., 1967.

[KKMN85] D. Kapur, M. S. Krishnamoorthy, R. McNaughton, and P. Narendran. An O(|T |^3) algorithm for testing the Church-Rosser property of Thue systems. Theoretical Computer Science, 35(1):109–114, 1985.

[KN85] D. Kapur and P. Narendran. The Knuth-Bendix completion procedure and Thue systems. SIAM Journal on Computing, 14(3):1052–1072, 1985.

[KN87] K. Krithivasan and P. Narendran. On the membership problem for some grammars. Technical Report CS-TR-1787, University of Maryland, 1987.

[Loh99] M. Lohrey. Complexity results for confluence problems. In M. Kutylowski and L. Pacholski, editors, Proceedings of the 24th International Symposium on Mathematical Foundations of Computer Science (MFCS’99), Szklarska Poreba (Poland), number 1672 in Lecture Notes in Computer Science, pages 114–124. Springer, 1999.

[Mar47] A. Markov. On the impossibility of certain algorithms in the theory of associative systems. Doklady Akademii Nauk SSSR, 55, 58:587–590, 353– 356, 1947.

[MM82] E. W. Mayr and A. R. Meyer. The complexity of the word problems for commutative semigroups and polynomial ideals. Advances in Mathematics, 46:305–329, 1982.

[MNO88] R. McNaughton, P. Narendran, and F. Otto. Church-Rosser Thue systems and formal languages. Journal of the Association for Computing Machinery, 35(2):324–344, 1988.

[NB72] M. Nivat and M. Benois. Congruences parfaites et quasi–parfaites. Seminaire Dubreil, 25(7–01–09), 1971–1972.

[New43] M. H. A. Newman. On theories with a combinatorial definition of “equivalence”. Annals Mathematics, 43:223–243, 1943.

[NO88] P. Narendran and F. Otto. Elements of finite order for finite weigthreducing and confluent Thue systems. Acta Informatica, 25:573–591, 1988.

[Pap94] C. H. Papadimitriou. Computational Complexity. Addison Wesley, 1994. [Pos47] E. Post. Recursive unsolvability of a problem of Thue. Journal of Symbolic Logic, 12(1):1–11, 1947.

[Sud78] I. H. Sudborough. On the tape complexity of deterministic context–free languages. Journal of the Association for Computing Machinery, 25(3):405– 414, 1978.

[VRL98] R. M. Verma, M. Rusinowitch, and D. Lugiez. Algorithms and reductions for rewriting problems. In Proceedings of the 9th Conference on Rewriting Techniques and Applications (RTA-98), Tsukuba (Japan), number 1379 in Lecture Notes in Computer Science, pages 166–180. Springer, 1998.

[vZGS78] J. von Zur Gathen and M. Sieveking. A bound on solutions of linear integer equalities and inequalities. Proceedings of the American Mathematical Society, 72(1):155–158, 1978.